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QUANTUM osp(l|2n) KNOT INVARIANTS ARE THE SAME AS 
QUANTUM so(2n + l) KNOT INVARIANTS 


SEAN CLARK 


Abstract. We show that the quantum covering group associated to osp(l|2n) has an associated 
colored quantum knot invariant a la Reshetikhin-Turaev, which specializes to a quantum knot 
invariant for osp(l|2n), and to the usual quantum knot invariant for so(l + 2n). We then show that 
these knot invariants are the same, up to a change of variables and a constant factor depending 
on the knot and weight. 


1. Introduction 


1.1. Quantum enveloping algebras associated to Kac-Moody Lie algebras are central objects in 
mathematics, which have many remarkable connections to geometry, combinatorics, mathematical 
physics, and other areas. One such connection was produced by Reshetikhin and Turaev |Tul IRT) 
by relating the representation theory of these quantum enveloping algebras to Laurent polynomial 
knot invariants, such as the (colored) Jones polynomial and the HOMFLYPT polynomial. Many 
other connections have arisen from the categorification of quantum enveloping algebras and their 
representations |KL1 IR] . It was recently shown by Webster [Web] that in fact, one can categorify 
all Reshetikhin-Turaev invariants using the machinery of categorified quantum enveloping algebras. 
This procedure generalizes Khovanov’s homological categorification of the Jones polynomial [Khj . 
We can summarize some of these connections in the picture in Figure 1, where “Decat.” refers 
to the appropriate decategorification, “RT” stands for the Reshetikhin-Turaev procedure for con¬ 
structing the Jones polynomial from the standard quantum s[(2) representation, and “Web” stands 
for Webster’s categorification of RT which produces Khovanov homology. 

This beautiful picture recently developed a twist with the discovery of “odd Khovanov homol¬ 
ogy” |ORS| . an alternate homological categorification of the Jones polynomial. This discovery has 
spurred a program of “oddification”: providing analogues of (categorified) quantum groups for this 
odd Khovanov homology by developing “odd” analogues of standard constructions [EKLl lELl IMWj . 
In particular, one would like an “odd (categorified) C/g(s[(2))” which could produce odd Khovanov 
homology in a similar way to that described in Figure 1. In particular, the decategorified “odd” 
quantum group should produce the Jones polynomial through some analogue of the Reshetikhin- 
Turaev procedure. It has been proposed [HWi lEL] that such categorifications might naturally 
arise through categorifying the quantum covering group C/q_ 7 r(osp(I| 2 )); in other words, producing 
a diagram such as in Figure 2. 
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This proposal has some heuristic evidence from the work of Mikhaylov and Witten [MWj , who 
have produced candidates for “odd link homologies” categorifying so(l + 2n)-invariants via topo¬ 
logical quantum field theories using the orthosymplectic supergroups. This suggests that the con¬ 
jecture represented by Figure 2 should be generalized to include colored link invariants associated 
to osp(l|2n) for any n > 1. Moreover, it has been shown by Blumen m that the osp(l|2n) and 
so(2n -|- 1) invariants which are colored by the standard (2n -|- l)-dimensional representations are 
relattabed up to a variable substitution. However, it has not been known that the Jones polyno¬ 
mial can be constructed from the Reshetikhin-Turaev procedure on {7g_,r(osp(l|2)), much less any 
relation between super and non-super colored knot invariants in higher rank. 


1.2. A quantum covering group is an algebra U = that marries the quantum enveloping 

superalgebra of an anisotropic Kac-Moody Lie superalgebra (e.g. g = osp(l|2n)) with the quantum 
enveloping algebra of its associated Kac-Moody Lie algebra, which is obtained by forgetting the 
parity in the root datum (e.g. so(l -I- 2n)). This is done by introducing a new “half-parameter” 
TT satisfying tt^ = 1, and substituting tt everywhere a sign associated to the superalgebra braiding 
should appear; such algebras were defined and studied in detail in the series of papers |CW1ICHW1[ 
l(lHW2Llckwi [CllCH l . 

These quantum covering groups retain the many nice properties of usual quantum groups, such 
as a Hopf structure; a quasi-IR-matrix a la Lusztig |L931 Chapter 4]; a category 0; and even canon¬ 
ical bases. A key feature of a quantum covering group is that by specializing tt = 1 (respectively, 
TT = —1), we obtain the quantum enveloping (super) algebra associated to the Kac-Moody Lie (su- 
per)algebra. Moreover, as discovered in [CFLW] . the quantum algebra and quantum superalgebra 
can be identified by a twistor map; that is, an automorphism of (an extension of) the covering 
quantum group which sends tt i—> —tt and q i—^ where = —1. 

In this paper, we use the machinery of covering quantum groups to construct “quantum covering 
knot invariants”: knot invariants which arise from the representation theory of the finite type 
quantum covering groups a la Turaev |Tu] . (For our purpose, we do not need the additional ribbon 
structure of m) To wit, consider the quantum covering group associated to the Lie superalgebra 
osp(l|2n). We first associate a U-module homomorphism to each elementary tangle (cups, caps, 
crossings) such that a straight strand is just the identity map, along with an interpretation of 
combining tangles (with joining top-to-bottom being composition of the associated maps, and 
placing along-side being tensor products of the maps). An arbitrary tangle can then be framed and 
associated with a U-module homomorphism by “slicing” the diagram (that is, cutting it into vertical 
chunks containing at most one elementary diagram alongside any number of straight strands). Each 
slice corresponds to a U-module homomorphism, and the tangle is sent to the composition of these 
maps. Note that a priori, this assignment is not unique, as many distinct slice diagrams and 
framings exist for an arbitrary tangle. 

We then derive some identities with these maps that are versions of Turaev moves on the associ¬ 
ated diagrams. These identities show that the map isn’t dependent on the choice of slice diagram, 
but factors of tt keep it from being an invariant of oriented framed tangles. In order to eliminate 
these factors, we need to expand our base ring to Q{q, t)”, where = tt, and renormalize the maps 
corresponding to certain elementary diagrams. Finally, a normalization factor (depending on the 
writhe of the tangle) yields a oriented tangle invariant (see Theorem 13.811 . 

In the rank 1 uncolored case, this invariant is simply the (unnormalized) Jones polynomial in the 
variable T~^q (see Example 13.101) . This suggests that the tt = —1 (i.e. r = t) specialization of the 
knot invariant, viewed as a function of q, should be related to the tt = 1 (i.e. r = 1) specialization, 
viewed as a function of To make this connection precise, we further develop the theory 

of twistors (cf. [CFLWl [C] l to define a general operator on tensor powers of U and compatible 
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operators on its representations. In particular, we show that the twistors X on representations 
t-commute with the maps S representing slices of tangles; that is, X o S' = t^S o X for some a: G Z. 
Once this is done, we obtain the following theorem (combining Theorems 13.81 and I4.24I1 . 

Theorem. Let K be any oriented knot and A £ X~^ a dominant weight. There is a functor from the 
category of oriented tangles modulo isotopy to the category 0 of JJ-module representations 

which sends K to a constant J^{q,T) £ Q(g,t)^, which we call the covering knot invariant of K. 
Moreover, let soJ^{q) = J^{q,l) and ospJ^iq) = denote the specializations of the covering 

knot invariant to t = 1 and r = t. Then 

ospJk{q) = ^q), 


for some *{K, A) £ Z. 

In particular, this shows that, after extending scalars, there is indeed a map RT as in Figure 
2, and in fact such a map exists for all colored link invariants of any rank. It remains to develop 
an analogue of the construction in [Web] to complete the picture, though difficulties abound. For 
example, it is not necessarily clear how to extend the categorification to Q(g,t)^. Moreover, the 
categorification of covering algebra representations is not yet developed enough to produce the 
analogous machinery to |Web| . We hope that these results will help cast light on these remaining 
questions. 


1.3. The paper is organized as follows. In Section 2, we recall the definition of quantum covering 
osp(l|2n), denoted by U, and set our conventions. We also develop some additional facts about 
representations of U, specifically about dual modules and (co)evaluation morphisms, and produce a 
universal-IR-matrix, which we will simply denote by IR, from the quasi-IR-matrix defined in |CHWlj . 
In Section 3, we use IR and the (co)evaluation morphisms to define an associated knot invariant 
by interpreting the maps in terms of the usual graphical calculus; that is, maps are represented by 
a finite number of labeled, non-intersecting oriented strands such that the !R-matrix is a positive 
crossing, the (co)evaluation morphisms are various cups and caps, and orientation is determined by 
whether the associated module in the domain/range is the dual module or not. We show that this 
graphical calculus is almost an framed oriented tangle invariant, and is indeed an oriented tangle 
invariant after renormalizing these elementary diagrams by an integer power of r and a factor 
depending on the writhe. Finally, in Section 4 we use the twistor maps introduced in [CFLWl IC] 
to relate the morphisms in the tt = ±1 cases. In particular, we develop some further details about 
the Hopf structure and representation theory of the enhanced quantum group U, and construct 
twistors on tensor products of simple modules and their duals. We then show that these twistors 
almost commute (up to an integer power of t) with the cups, caps, and crosssings, allowing us to 
relate the so and osp knot invariants. 

Acknowledgements. I would like to thank David Hill for first suggesting this project of con¬ 
structing the quantum covering knot invariants, and Matt Hogancamp for helping me learn about 
quantum knot invariants at this projects inception. I would also like to thank Aaron Lauda, 
Weiqiang Wang, and Ben Webster for stimulating conversations about this project. 


2. Quantum covering osp(l|2n) 

We begin by recalling the definition of quantum covering algebra associated to osp(l|2n) and 
setting our notations. We then elaborate on the representation theory of this algebra. 
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2.1. Root data. Let I = /o]J/i with Iq = — l} and Ii = {n}, and define the parity 

p{i) oi i € I hy i € For 1 < r, s < n, we define 


r ■ s = 



ii r = s = n 
ii r = s ^ n 
if r = s ± 1 


^ 0 otherwise 


dr = 


r ■ r 


and note that pir) = d- (mod 2). Then (/, •) is a bar-consistent anisotropic super Cartan datum 
(see [CHWlj i. We extend • to a symmetric bilinear pairing on Z[/] and p to a parity function 
p : Z[/] —>■ Z/2Z. Moreover, for v = ii + ... + it € N[/], we set 

h.iv = t, p(i^) = ^ p{ir)piis), •iy) = ^ ir-is- (2.1) 

l<r<s<t l<r<s<t 


Let C N[/] denote the set of positive roots, and set 


p= ^ a = '^p,iGN[I]. 


( 2 . 2 ) 


Note that we have i ■ p = i ■ i ior all i € I. 

Let Y = Z[/] be the root lattice and X = Hom(Z[/],Z) be the weight lattice, and let (•,•) : 
Y X X —^ Z be the natural pairing. We also identify Z[/] as a subspace of X so that (r, s) = 2^. 
If ^ ^ set 

a = dii'ii £ Z[/] (2-3) 

iei 

and note {v, p) = v ■ p for any v, p £ Z[J]; in particular, observe that for any i £ I, 


{p,i) = i-i. 


(2.4) 


Then ((/, ■),X,Y, (•, •)) is the root datum associated to osp(l|2n), and forgetting the parity on 
the root datum yields the root datum associated to so(l -I- 2n). As usual, we define the dominant 
weights to be A+ = {A G A | (i. A) > 0 for all i G /}. 


Example 2.1. Throughout the paper, we will discuss some examples in the simplest case: n = 1. 
In this case, we identify A = Z where (l, fc) = k for fc G Z. Then A = Z1 can be identified with 
subset 2Z C A. We will freely use these identifications in later examples. 


Note that the weight lattice A doesn’t naturally have a parity grading compatible with that on 
Z[/]. However, a parity grading on A can be defined as follows. First observe that A carries an 
action of the Weyl group W of type Bn, and that in particular A — wX £ Z[/] for any A G A. Let 
Wo denote the longest element oi Bn- If A G A, then wqX = —A hence 2A = X — wqX £ Z[/]. We 
write 2A = define 

P(A) = p(2A) = i2X)n (mod 2). (2.5) 

This defines a parity grading on A, though it is obviously not compatible with the grading on Z[/] 
(indeed, for any i £ I we have P{i) = p{2i) = 2p(i) = 0 modulo 2). In particular, P is constant on 
cosets A/Z[/]. This parity can be expressed explicitly in terms of the rank and weight as follows. 

Lemma 2.2. Let notations be as above. Then P{X) = n {n, A) mod 2. 

Proof. Let 1 < s < n — I and for convenience set the notation (2 A)q = 0. We have 

(s, A) = - (s, 2A) = - ^(2A)i {s,i) = {2X)s - -((2A)^-|- (2A)^z:y), 


(rI,A) = (2A)^-(2A);^. 
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In particular, we see that 5((2A)^q7j-+ (2A)5i7j-) = (2A)s — (s, A) S N, thus (2A)—j- = (2A)j^ modulo 
2 for all 1 < s < n — 1. Therefore, (2A)r = (2A)s modulo 2 whenever r = s modulo 2. 

In particular, since (2A)q = 0, we see that (2A)^ = 0 modulo 2 for each s = 0 modulo 2. If n = 0 
modulo 2, then P(A) = (2A)fr = 0 modulo 2. If n = 1 modulo 2, then (2A)n = {n, A) — (2A)^^3y — 
(n. A) modulo 2. □ 


Example 2.3. When n = 1, recall from Example 12.11 that we identify X = Z. Then for any fc G Z, 
P{k) = (I) (1, k) = k modulo 2, hence our P-grading is just the natural parity grading on Z. 

Throughout, we will consider objects graded \yy X = X x (Z/2Z). If M is X-graded and m € M 
is homogeneous, we let ||to|| (resp. \m\; p{m)) denote its X-degree (resp. X-degree; Z/2Z-degree 
or parity). Further, for ^ = (A, e) G X, we will set |C| = A, p(C) = e, and P(C) = P(A). (Note that 
P(C,) is not the same as p(C,) in general! They are independent quantities.) 

For A G X, let A = (A,0) G X. We will freely identify Z[/] with {{i',p{v)) \ v G Z[J]} C X. In 
particular, if C = (A, e) G X and v G Z[J], then 

C P V = (A + ;/, e + piyy) G X. (2.6) 

With that in mind, the action of W on X generalizes naturally to X by setting 

Si(A,e) = (A,e) - (i,X)i = (A - (i,X)p{i)) (2.7) 

where i G / and Si is the corresponding simple reflection. 

Lastly, we have the parity swap function 11 : X —>■ X defined by 

n((A,e)) = (A,l-e). (2.8) 

2.2. Parameters. Let t G C such that = —I. Let g be a formal parameter and let r be an 
indeterminate such that 

T^=l. 

For convenience, we will also define 


If P is a commutative ring with 1, define the notations 

P" = P[r]/(T4 = 1), P" = P[^]/(7r2 = 1). (2.9) 


Throughout, our base ring will be Q(g,t)^, though occasionally we will also refer to the subring 
generated by Q(g) and tt, which we identify with Q(g)^. 

We denote by ” : Q(g, t)^ —>• Q(g, t)^ the Q(t)'^-algebra automorphism satisfying q = 7rg“^. We 
also define the Q(t)-algebra automorphism X given by X(g) = and X(r) = tr. We caution the 
reader that ” and X will be used later to denote extensions of these algebra automorphisms which 
are defined on Q(g, t)^-algebras and Q(g, t)’’-modules. 

Given an Q(g,t)^-module (or algebra) M and x G {±I,±t}, the Q(g,t)-module (or algebra) 
M\r=x = ^Q(q,ty M, where Q(g,t)^ = Q(g, t) is viewed as a Q(g, t)’^-module on which r 

acts as multiplication by x. We call this the specialization of M at t = x . Moreover, Q(g,t)^ has 
orthogonal idempotents 


l + tV + (tV)2 + (tV)3 

Etk = -:-, 0 < A; < 3 

such that Q(g,t)’^ = Q(g,t)ei 0 Q(g, t)et © Q(g, t)£-i ®Q('Z)t)£-t- In particular, since 
we see that for any Q(g, t)’'-module M, 


( 2 . 10 ) 


= xe 


Xt 


M\r=x = £xM. 

For k G Z>o and n G Z, the (g, 7r)-quantum integers, along with quantum factorial and quantum 
binomial coefficients, are defined as follows (cf. |CHW1] 1: 
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Jg,7r 


n . 


{nq)^ - q-'^ 

TTQ — q ^ 

n 

nw,,- 


( 2 . 11 ) 


^ OLn-fc+i - g 0 
q,n rim^l ((tT'?)’" - 9“™) 


If = X)ie/ £ ^[^]) '"^6 write 

i£l 


^ I I ^^idi ^Pi^) 

= \ \ 'K = ^, 


n 


ie/ ie/ ie/ 

In particular, note that qi = and tt^ = tt'^’ = and set 


[’^li = [n] 


qi,7Ti ’ 


[nil- = \n' 


qi.TZi 


n 


n 

k 

i 

k_ 




2.3. The covering quantum group. The covering quantum group associated to osp(l|2n) (as 
well as some variants) was introduced and studied in the series of papers starting with |CHWlj . 
We will recall the necessary definitions and elementary facts now. 


Remark 2.4. Note that contrary to [CHWl] and further papers in that series, we will take coeffi¬ 
cients in the larger ring Q(g,t)^ Q(9)’^. Nevertheless, all of the results until H3.3I are essentially 

statements over Q_{q)^ which remain true after extending scalars to t)’”, so the reader may 
effectively ignore t and t for the present. 


Definition 2.5. [CHWlj The half-quantum covering group f associated to the anisotropic datum 
(/, •) is the N[/]-graded Q(g, t)^-algebra on the generators 9i for i G / with \9i\ = i, satisfying the 
relations 


Oij 




(* 7^ j), 


( 2 . 12 ) 


where bij = 1 - 


The algebra f carries a non-degenerate bilinear form (•, •) which satisfies 


(1,1) = 1; {9,,9,) 


- -Z 2 ; y) = ^i)(a^, irijj))] 

1 - TTiq^ 


(2.13) 


where : f — ?> f is the Q(q,t)’'-linear map satisfying ir(l) = 0, ir{9j) = 6ij, and ir(xy) = 
ir{x)y + 7 rP(®)p(^)g*'|a;|a;. (Here, and henceforth, 6x,y is set to be 5x,y = 1 if x = j/ and 0 

otherwise.) We define the Q(t)'^-linear bar involution ~ on f by 

9i = 9i, q = TTq~^. 


We also define the Q(( 7 ,t)^-linear anti-involution cr on f by 


cr{9^) = 9„ a{xy) = cr(j/)cr(x). 


and the divided powers 



Definition 2.6. |CHW1] The quantum covering group U associated to ((/, •), Y, X, (•, •)) is the 
Q((jf,t)^-algebra with generators Ei, Fi, and J^, for i G / and y GY, subject to the relations: 

Jy.Ju — Jy. + V: Kq = = J = 1, = K i/ J fj, , (2.14) 

(2.15) 
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j 


. — Uij 


fc^O L ^ 

bij p 

^(_l)fe7r(2)pW+^pWpO') ^ 


Qi ,'^i 


fe = 0 

for i,j^I and ^,v gY. 



(2.16) 

iiKd^i K—d^i 

1 ’ 

(2.17) 

T^iqi - qi 


\'^-’^E,E^ = 0 (*^J), 

(2.18) 

b,.-kF^F^=0 

(2.19) 


We note that since in this case Y = Z[/], U is actually generated by Ei, Fi, Ki, Ji for i G I. For 
notational convenience, we set Ji, = Jp and K^, = Kp so that (|2.17|) becomes 

EiFj - TTP^^'>P^^'>FjEi = . 

- Qi 

We also equip U with a bar involution " : U —>■ U extending that on Q(g,t)^ by setting Ei = Ei, 
Ei — Fi , K^ K— ^, J^ — Jp’ 

The algebras U and f are related in the following way. Let U“ be the subalgebra generated 
by Fi with i G I, U+ be the subalgebra generated by Ei with i G I, and U° be the subalgebra 
generated by and Ji, for v gY . There is an isomorphisms f —> U“ (resp. f —>■ U+) defined by 
9i ^ 9~ = Fi (resp. 9i ^ 9f = Ei). We let and As shown in 

|CHW1| . there is a triangular decomposition 

U ^ U" 0 U° 0 U+ ^ U+ 0 U“ (g) U-. 


There is also a root space decomposition 

U = 0 U,, U, = {x G U I . 

u&[I] 

The root space decomposition induces a parity grading via p{u) = p(|u|), hence in particular U is 
A-graded. 

We say an algebra is a “Hopf covering algebra” if it is a Z/2Z-graded algebra over , for some 
commutative ring with identity R, with a coproduct, antipode, and counit satisfying the usual 
axioms of a Hopf superalgebra, but with the braiding replaced hy x®y ^ y x. Then the 

algebra U is a Hopf covering algebra under the coproduct A : U —>■ U 0 U satisfying 

A(F,) = Ei®l+K,®E,, A{F,) = Fi^R-^+l^F,, A{K^) = A{J^) = J^0 

the antipode F : U —>■ U satisfying S{xy) = ttP^^'>p^p'> S{y)S{x) for x,y G\J and 

S{E,) = -J-^K-^E,, S{F,) = -F,K,, S{K,) = K-\ S{J,) = J-^; 

and the counit e : U —^ Q(g,t)^ satisfying 

e(F,) = e(F,) = 0, e{K,) = e{J,) = 1. 

Moreover, for x G f, we have that 


5±i(x+) = (-l)ht-^Pfo)g^9^,J_,iF_,u(x)+ 

S'±i(x-) = (-l)‘'‘'^7rPMg^g±i,cr(x)-A^ 


( 2 . 20 ) 
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2.4. U-modules. In this paper, a weight U-module is a U-module M with a X-grading compatible 
with the grading on U, such that 

M = ^ Ma,o © Mx,i, Mx,s = G M \ p{m) = s, J^K^m = 

Aex 

and each Mx,s is a free Q(g, t)’’-module of finite rank. For A G X, denote Mx = Mx,o © Mx,i- We 
also define the parity-swapped module IIA^^ to be M as a vector space with the same action of U, 
but with IIMa^s = Mx,i-s- We let Ogn be the category of weight U-modules of finite rank over 
Q{q,ty. Henceforth, we shall always assume our U-modules are in Ogn- 
We define the (restricted) linear dual of a U-module M 

M* = 0(Ma,o)* © (Ma.i)*, {Mx,sY = HomQ(,,t)-(MA.s,Q(g,t)"). 

Aex 

This is again a free Q(q, t)^-module, which has a Z/2Z grading induced by that of V: namely, 
p{f) = 0 if f{v) = 0 for p{v) = 1, and vice-versa. Moreover, the Hopf superalgebra structure of U 
induces an action of U: for / £ V* and a: G U, we define xf G V* by xf{v) = f{S{x)v). In 

particular, note that V* is a U-module with (U*)a,s = (U_a.s)*- While is therefore ambiguous, 
we will always take it to denote (U*)a. (In other words, our convention is that taking duals has 
precedence over taking weight spaces.) 

For any U-modules V and W, we can construct the U-module U © IF = U ©Q(g,t)^ W via the 
coproduct. In particular, we have U-modules U* © F and F© F*, both of which contain a copy of 
the trivial module F(0) = Q(g,t)^ as a direct summand. As the following lemma shows, there are 
natural projection and inclusion maps to a copy of the trivial module. We borrow notation from 

m- 

Lemma 2.7. Fix a U-module V and recall the definition of p from (12.21) . 

(1) Let evv : F* © F —>■ Q(q,t)^ be the Q{q,ty-linear map defined by v* ® w ^ v*{w). Then 
evy is a U-module epimorphism. 

(2) Letqtiy : F©F* Q{q,ty be the Q{q,ty-linear map defined by vtSiw* —>• 

Then qtry is a U-module epimorphism. 

(3) Let coevv : <0(9, t)^ —>• F*©F be the Q{q,ty-linear map defined by 1 ^ 

b for some homogeneous Q{q, ty-basis B ofV. Then coevy is a U-module monomorphism. 

(4) Let coqtry : Q{q, t)^ —>■ F © F* be the Q(q, ty-linear map defined by 1 ^ b^b* for 

some homogeneous Q{q,ty-basis B ofV. Then coqtry is a U-modulemonomorphism. 

Proof. In the proof, we shall surpress the F subscript on the maps. First note that the maps coev 
and coqtr are independent of the choice of basis. It is clear that all these maps are Q(g, t)^-hnear 
maps, and it is elementary to verify the claims about surjectivity and injectivity. Moreover, all the 
maps are clearly homogeneous since |u*| = — |u| and p{v*) = p{v); in particular, the maps qtr and 
ev are homogeneous since v*{w) = 0 whenever |u| y |r(;| or p{v) y p{w), which occurs exactly when 
|w* © wl ^ 0 or p(v* © w) = 1. 

Then it remains to show these maps preserve the action of Ei and Fi for all i £ I, which is 
equivalent to showing 

ev{A{Ei)v* © w) = ev{A{Ei)v* © w) = 0 for all v,w gV, 
qtr(A(Ui)u © w*) = qtr(A(Fi)u © w*) = 0 for all v,w GV, (*) 

A{Ey © 6 = A(F,) Y b* © & = 0 for all & G B, and {**) 

bGB b^B 

A{Ei) Y^ b®b* = A{Ei) Y^ & © 6* = 0 for all b G B. 

bGB bGB 

We will prove (*) and (**) for the action of Ep, the remaining cases follow from similar arguments. 
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First, we show qtr(A(i?i)w*®zi;) = 0. From weight considerations we have that ev(A(£^i)w*®w) = 
0 unless |t!| + i = |w|. In this case, 

qtr(A(Fli)z; (g) w*) = qtr(i?iW 0 w* + 0 EiW*) 

= T,p{v)p{w)+p{i)piw)^-{p,\v\+i') i^yj*i^E,v) - w*{E,v)) = 0. 


Next, we show that A{Ei) X^hes ttP^^') q^P’^^^'>b* 0 6 = 0. Set B\ = B 0 V\, so B = ]J^ Bx- First 
observe that a; = X'f^*®^ = 0if and only if x{v') := X v*{v')w = 0 for all v' G V. Then setting 

X = A{Ei)J2beB^* if 

0 ^ a; = ^ 7rP(*')g<^’l^l>(F;,6* 0 6 + ® E,b), 

b£B 

then there must be some v G V such that 


^{"P) = {{Eib*){v)b + Tr^^^\Triqi) ^^’^^^'>b*{v)Eib) ^ 0. 

fees 

However, if 6' G H, 

x{b') = {E,q,Y^^''f’'\)E,b' G- Y. 

^6-S|6'|+i 

= q{p’\^'\)Y,qi)-'^^^\^'\) IeY - Y = 0 . 

\ beSit/i+i / 


□ 


2.5. Simple modules and their duals. Let A G A+ and recall from [CHWlj that I^(A) is the 
simple U-module of highest weight A such that the highest weight space has even parity. Then 
V{\) has hnite rank and has the same character as the so(2n + 1) module of highest weight A. 
In particular, using the Weyl character formula for I^(A), the lowest weight vector has weight 
wqA = —A, hence the parity of the lowest weight vector of H(A) is B(A). Using standard arguments 
(for example, analogues of |Jan[ §5.3 and §5.16]), and considering the above analysis, we obtain the 
following lemma. 

Lemma 2.8. Eor each A G X^, there is an isomorphism U(A)* = n^(^^U(A) and a natural 
isomorphism U(A)** —>■ U(A). 

Example 2.9. In the case n = 1, the module V = V(m) for m G Z>o has basis Vm- 2 k = 
with 0 < k < m, where Vm is a choice of highest weight vector. Note that by convention p{vm) = 0, 
so p{vm- 2 k) = k (mod 2). The dual module V(m)* has a dual basis 0 < k < m, and the 

actions of E = E- and F = Fj are given by 

Ev^- 2 k = -T^^YqT~'^^ [n + l-k] <_ 2 (fc+i) 

Fv*^-2k = [kW^_^^,_,) 

In particular, this is a simple module generated by the highest weight vector v*_^, where \vtm\ = 
— |'u_m| = m and p(y*_Y = p{v-m) = bi (mod 2), hence we have an isomorphism V{m)* = 
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For convenience, we will use the notation 

V{-X) = V{X)*, XgX+. (2.21) 

We denote the maps in Lemma ETTl in the case V = ^(A) with the subscript A instead of 1^(A); for 
instance, ev^ = evy(;,). Note that 

evA o coevA = ^ qtrA o coqti'A 

!vGN[/] 

Example 2.10. For n = 1, we have p = p = 1 hence for X = m, {p, X) = m. Then 

evm o coevm = + ... + Tr^q~^ = tt'" [m + 1] = tt™ qtr^ o coqtr^ . 

2.6. Further properties of the quasi-IR-matrix. Let us recall the quasi-Ik-matrix from [CHWll 

§4] 

Proposition 2.11. [CHWlj Let B be any Q{q,ty-basis oft such that = B fl fjy is a basis of 
ti, for any v S N[/], with Bq = {1}. Let B* = {b* \ b G B} be the basis of f dual to B under (•, •). 
Define 

0, = ^ ® U+. 

hGB„ 

Then if M, M' are integrable modules of U, then 0 = is a well defined operator on M ® M' 

which satisfies A(m) 0 = 0A(it) as endomorphisms of M ® M', where A(u) = A(?l). Moreover, 0 
is independent of the choice of basis B, and is invertible with inverse 0. 

In particular, note that all modules considered in this paper are of finite rank over Q(g,t)^, 
hence are integrable. 

Example 2.12. When n = 1, the quasi-Ik-matrix 0 can be explicitly given by the formula 
0 = ^(-l)"(7r9)“(S)[n]’(7rg-g-i)"F(”)(g)F;(") = I - {irq - q-^)F ® E + .... 

n>0 

(NB. there is a typo in the power of irq in |CHW11 Example 3.1.2].) 

While 0 can be evaluated easily, it will be more convenient to have the following alternate 
description of 0 using the properties of the bilinear form on f (cf. [CHWll §1.4]). 

Lemma 2.13. With the same notations as in Provosition \2.1 R 0 = gii’en by 

0. = ^ ® U+. 

Proof. Let B = {6 | 5 € B}, with dual basis B . Then since 0 is independent of the choice 
of basis, we see that for i' G N[/], 0,^ = (—6 0 (b*)~^. We have 0^ = 

(—l)^‘'^7rP('^)g_i, (b ) 0 and note that (x)^ = (cc^), so (b ) = b~. 

On the other hand, recall from [CHWll §1.4] the variant bilinear form {—, —} defined by {x, y} = 
{x,y). Note that by construction, (b ,b') = 5b,v■ Then for any b,b' G B, we apply Lemma 1.4.3 (b) 
of loc. cit. to deduce that 

5b,b' = (b*,b') = 1^*.^'} = (-l)^‘''7i’P(07r,,g“^g_j,(r,tT(6')). 

(We note that while the power of tt appears different from that in loc. cit., it is equivalent.) 
Therefore, we have 

f = (-l)“"^P(0(z^^,<7,a(6)L 

Then the lemma follows from the observation that since {a{x),a{y)) = {x,y), (j{b)* = a{b*). □ 
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Now we will proceed to use 0 to define a universal map Ji: M'SiN^N'SiM for any modules M 
and N. These constructions will be modified versions of the standard arguments in the non-super 
case; cf. |.Tanl SS7.3-7.6] or [L931 §4.2 and Chapter 32]. 

For 1 < s < t < 3, let 0^* G UoUoU be defined by 0^* = (-l)^‘‘'7rPM7r^g;, bi®b 2 ®h 

where hs = b~,bt = (b*)'^, and &rn = 1 for m s,t. 


Proposition 2.14. We have the following identities. 

(A(g)l)(0^)= 02?(l(g)iG_^„ 0 1)01?,. 

—1/ 

(A0 1)(0,)= Y 0i?(l o ® 1)0"- 

I'' 

(10A)(0,)= ^ 0i?(l0 0l)0i?. 

I /' — ly ' 

( 10 A)( 0 ,)= ^ 0 i?(l 0 iG_,„ 0 l) 0 i?,. 

1'' —1/ 

Proof. These identities are proved exactly as in |L931 §4.2]. We will prove the first identity here. 
For a: G f and &i, &2 G B, define f{x, bi,b2), fix, 6 i, 62 ) G Q(g, t)^ via 

rix) = Y fixfif2)bi®b2, 

bi ,b2GB 


rix) = Y fix,bi,b2)bi®b2. 

b\,b2^B 


Then it suffices to show that 

E fibMM)hf®k_\,^\bf®ib*)+= Y 

b,6i,h2;|fel| + |b2| = |fe|=!^ bi,62;|bl 1 + 1^2 

In particular, it is enough to show that for all 61 , &2 G B such that \bi \ + \b 2 \ = 12 , we have 

Y f'ib,bi,b2)b* =nP^®)P^^^)q-\f>Wb2\b*bl. 

b;|b|=y 


This follows from the equalities 

^r(bi)p(b 2 )^|bq.|b 2 |^/(^^ ^ ^ ^ ^ 

which in turn follow from elementary properties of f; cf. |CHW11 Lemmas 1.4.1, 1.4.3] □ 


To construct a universal U-module homomorphism from 0, we will need some additional maps. 
The first is the swap map; that is, the algebra U 0 U is equipped with an involution s defined by 
s(a; 0 y) = 0 x. This induces involutions on U®™ by applying s to sequential pairs of 

tensor factors; specifically, these involutions are the maps St,t+i = l®*“i 0 s 0 and it is 

not hard to see they satisfy the braid relations St-i,tSt,t+iSt-i,t = St,t+iSt-i,tSt,t+i- In particular, 
we see that to each element 7 of the permutation group ©m, there is an automorphism s.y of 
U"*; for example S( 23 ) = S 2,3 and S(i 23 ) = Si, 2 S 2 , 3 - Similarly, to any tensor product of modules 
N = Mt and 7 G ©m, we can define N.y — ^ -^ 7 (t) and a map Sj : N ^ Nj given by 

s(i;) = 7rP0'’')z;^, 

where v = vi ® ... ® Vm, 'C 7 = i’ 7 (i) 0 ... 0 and 

Pi'l,u)= Y Pivt)pivs)- 
1 < s < t < n 
7 (s) > 7 (f) 
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These maps are compatible in the sense that for v = {^>”=1 Vt G N and rt G U, 

= 5j{A™~^{uj)s^{v). 

When m = 2, we will just write s = Si_ 2 - 

The other ingredient is a weight-renormalization operator. This operator is induced by the 
weight function defined in the following lemma. 

Lemma 2 . 15 . There exists a function f : A x A —>■ (Q(9, satisfying 

f(C + /r',C' + 

for G X and fJ,,v G Z[J]. Moreover, 

(1) The function (') = f(^, C 0 f(C; ~C) satisfies + C,' + = ^(C; CO Mi ^ ^ 

(2) The function [(C, CO = f(Ci C 0 f(~Ci CO satisfies [(^ + + v) = [(C, C') for any n,v G Z[J]. 

( 3 ) We have f(C, C 0 f(“Ci “C 0 ~^ = O' in particular, l(C, CO = )r(C, CO- 


Proof. It is easy to verify that such a function f exists by choosing a set of coset representatives R 
for Z[J] in X. It is similar to verify (1) and (2), so let us show (I). Let f, = ( + v and = C^ + M 
for some G N[/] and (^, (' G X. Then 

f(C, COKC, -CO = KC, C0f(C, 

= f(C,C0f(C,-C0- 

Finally, let C, (^' G X. Then —( = ( — 2(, = (' — 2(' so 

f(C, C0f(-c, -CO”' = f(-C+(2C), -C'+(2C0)f(-C, -CO”' = ^-(( 2 C)I-C')q-(( 2 C).-C')-(( 2 C'),-C)- 2 C- 2 C' 

Now note that for any 77 , 77 ' G X, we have — ^( 277 ),— 77 '^ = 5 ( 277 ) • ( 277 '). Moreover, by (12.51) and 

Lemma we see that ^( 277 ), 77 '^ = {2r])n {n,ri') = n(fn,rf) {n,r]') = p{r])p{r]') mod 2 . Therefore, 
we see that 

f(-c + 2 C, -C' + 2COf(-C, -C0“' = 

This finishes the proof. □ 


Example 2.16. Let us consider the case n = 1. Then the function f is determined by the values 
f(0,0), f(0,1), f(l,0), and f(l,l). Then for any £ 1,62 G {0,1}, 

f(ei + 2s, £2 + 2t) = f(£i, 

By direct computation, one finds the corresponding coset functions to be 

r(£i -b 2s, £2 -b 2t) = f(£i, £2)^17''^''^ 

[(£i + 2s, £2 + 2t) = f(£i, £2)27r^^'=g"^^L 

Given U-modules M, M', define the Q(q, t)^-linear bijection M ® M' M ® M' by l?( 77 i ® 
m') = fdml, Im'DmGiTn'. For 1 < s < t < 3, we define 5"®* on Mi®M 2 ®M^ via (mi 07772 ( 87713 ) = 
f(|ms|, |mt|)mi 0 m 2 0 m 3 . Let = 0 ^** o 

Proposition 2.17 (Yang-Baxter equation), ^s operators on Mi 0 M 2 0 M 3 , 

5012 ^ 5013 o 5023 ^ 5023 Q 5013 ^ 5012 


Proof. First note that the maps are bijections which commute with one another. One verifies 
directly that, as operators on Mi 0 M 2 0 M 3 , 

j?120l3 ^ 013(1 0 0 1)^12^ 

^23013 ^ 013(1 0 k., 0 1)^23^ j?23^130l2 ^ 0l2^23^13_ 
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In particular, it suffices to show that 


® ® 1 )^ 0 "^ = 0 "^ 0 i^(i ® K., ® 1 )j 0 ^^- 


Writing 0^^ = Ojf, we have 


0'^ ( H 0i^(l ® ® 1) ) = I] 0 m"(1 ® ® 1)013 = ^(1 0 A)(0,), 

\ 1 / / ^,U u 

and similarly 

0^3(1 0 K_, ® 1)^ 012 = ^(1 0 A)(0,). 

Then we are reduced to showing the equality 

^(1 0 A)(0,)023 = 023 ^(1 ^ A)(0,), 


which follows from the defining property of 0 . □ 

Proposition 2.18. Define IR : M 0 M' —>■ M' ® M by Ji = Q o ^ o 5. Then ^ is a IJ-module 
isomorphism. 

Proof. That IR is bijective and homogeneous in parity is clear from construction. Note that 
A{u)ik{m 0 m') = 0(A(u)5' os(m 0 m')) = 0(f(|m'|, '^A{u){m' 0 m)), 

so it suffices to show 

^ os{A{u)m (g) m')) = fi\m'\, ^A{u){m' 0 m) 

for all u S U, hence it is enough to show this equality holds when u is a generator. For u = J^, 
this is straightforward. The cases u = Ei and u = Fi are similar, so we shall prove the first case: 

U o s{A{Ei)m 0 to') = fdm'l, f + ItoDtt^^'^p^™ )+p(m)p(m )^/ 

+ f(f + Ito'I, |TO|) 7 rP("')P(™')( 7 rg)''^<*>l"'l>£;,TO' (g) to 

= /(Ito'I, |TO|) 7 rP("')P(’"')(S,TO' (g) TO + 7 rPWP(™')g-'^‘(*’l"''l)TO' (g) E,m) 

= /(Ito'I, |TO|)7rP(™)P('"')A(F;0(TO' ® to). 


□ 


We thus obtain the following crucial property of IR. 

Proposition 2.19. For any modules Mi, M 2 , and M 3 , let IRst = ®0®* oS(,„t)- Then 

3^123^233^12 = 3 ^ 233 ^ 123^23 : Ml ^ M2 ^ M3 ^ Ms ^ M2 ^ Ml. 

Proof. First note that if a{s) < cr{t), Scr®0^* = Therefore we have S(i 2 )® 0^3 = 

®^ 0 i 3 s(i 2 ), and S(i23)®0i2 = ®^023s(i23), hence in particular 

i?12i?23i?12 = ®0^" o 5013 o 5023 0 S(, 3 ). 

Similar manipulations of the right-hand side yield the equality 

R23R12R23 = ®0"^ o 5013 o 5012 0S13. 


Since S 13 is a bijection, the proposition follows from the Yang-Baxter equation. 


□ 
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Remark 2.20. In [L93[ §32], it is shown that for g = s[(2), which we can view as the tt = 1 (i.e. 
T = ±1) specialization of Example 12.121 we can extend our field Q(q) to Q(^/q) and normalize so 
that f is bi-multiplicative; that is f(m + a,n + b) = f(m, n)f(m, b)f(a, n)f(a, b). This is necessary for 
the maps Ik to satisfy the Hexagon Identities and thus define a braiding on the category of finite 
dimensional modules. 

Note that Example 12.121 shows such a renormalization is impossible in general in the tt = — 1 
case, so in particular the maps Ik can not be normalized to define a braiding on the category of 
finite dimensional weight modules. It is possible to overcome this difficulty by restricting the class 
of modules to those of ’’even” highest weight, or by expanding the dehnition of f to a function on 
X X X, but we shall not need this at present. 


3. Diagrammatic Calculus and Knot invariants 

We will now interpret the U-module homomorphisms in terms of planar diagrams. At first, these 
diagrams should be interpreted as slice diagrams; that is, diagrams together with vertical slices at 
various heights such that between consecutive slices is an elementary diagram corresponding to a 
U-module homomorphism. However, we will ultimately see that diagrams which can be identified 
by planar isotopies yield the same morphisms. 

3.1. Cups, caps, and crossings. Recall that coqtr;,, coev;,, qtr^;,,, and evA are the maps defined 
in Lemma [2771 where V = 1/(A). Likewise, let Ik±A,±/i : U(±A) 0 V{±fi) —>■ V{±^) 0 U(±A) be the 
map defined in Proposition 1 2.181 Furthermore, we will use the notation 1±a = ly(±A)- 

We will now begin to represent our maps via a graphical calculus in anticipation of constructing 
tangle invariants. Specihcally, we follow [Tul lADO] and interpret maps between tensor products of 
the modules V (±A) for various A G A+ as sliced oriented tangle diagrams with A+-labeled strands; 
a concise exposition of this approach is lain out in [Ohtl Chapter 3]. The elementary oriented tangle 
diagrams are interpreted as follows. (Note that while sideways-oriented crossings aren’t considered 
elementary, we include them here for convenience in later arguments.) 


1a = 


A 


coqtr;. 



coevA 



IkA,/i = 








We construct more general diagrams from these elementary ones by the following constructions. If 


ip, then we can combine them as 


is some diagram denoting the morphism (j) and 


is some diagram denoting the morphism 



• the horizontal composition 


which denotes the tensor product 
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the vertical composition 


T 

TTTT 

s 


which denotes the composition (j)° '4 ’j or zero if this compo¬ 


sition is undefined (which is to say, when the strands on top of S don’t match the number 
and labelling of the strands on the bottom of T). 


We will say two diagrams are equal if the corresponding morphisms agree. Note that, by con¬ 
struction and by Lemma 12.191 the following diagrams are equal for any choice of orientation and 
labeling of strands: 



In (j3.1l) , the symbols 


T 

I I I I 


and 


stand for arbitrary sub-diagrams with an arbitrary number 


of strands protruding from the top and bottom and with an arbitrary labeling of strands. 


3.2. Graphical identities. Now we shall prove some more substantial diagrammatic identities. 
Lemma 3.1. We have an equality of diagrams 


For any choice of orientation or labeling of the strand. 

Proof. This follows by choosing a homogeneous basis for the module and applying the definitions; 
we will prove the equality 


A A 

in detail, as the other cases are similar. In terms of morphisms, we wish to show (1_a 0 qtr_)^) o 
(coevA ®1 -a) = 1-A- Let S be a homogeneous basis of y(A) and B* the dual basis of y(A)*. Then 
for any bo € B, 

(1_A 0 qtr;,)(coevA (8 )I_a)(^S) = X! (1-A ® qtrx)(b* 0 6 (g) fog) 

b£B 

= Y^b*{b)b* = b*. 

b^B 

□ 
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Lemma 3.2. For A G X~^, we have an equality of diagrams 




Proof. The proofs of (a)-(d) are all similar, so we will only prove (a). First, let us denote 



(1a 0 qtr^) o (1Ra,a ® 1a) o (1a 0 coqtr^) 



(c) 


(d) 



(evA OIa) o (1a 0 1Ra,a) o (coevA OIa)- 


Since (j) and tp are U-module homomorphisms from 1^(A) to 1^(A)., </> and ip must each be a 
multiple of the identity which is completely determined by the image of an extremal weight vector, 
so let v\ G 1^(A)a and v_a G F(A)_a be nonzero highest- and lowest-weight vectors. Then if B{X) 
is a homogeneous basis of t^(A), then 


(p{v\) = (1a 0 qtr^) o (3?a,a ® 1a) I ^ v\i 


= (1a 0 qtr;,) I f(|i;|,A)v(g) VA 01^* = f(A,A)g 

\vGB{\) J 

and thus (p = f(A, A)g“^^’'^^ Ia- Likewise,we compute 


i/>(v_a) = (evA (8)1 a) o (1 a 0 IKa.a) I 'Y 0 i; 0 i;_a 

\v&B{\) 
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= (evA®lA)| ^ (g) z;_A 0 11 j = '^^f(—A, 

\vGB{\) ) 

and thus ip = f(—A, —X)q~^^'^'^l\. Now the result follows from Lemma [2.15! (31. 

Lemma 3.3. We have an equality of diagrams 




-A)ii-a, 

□ 


(a) 


(b) 


for any A, /i S Af+. 


Proof. The proof of (a) and (b) being similar, we shall only prove (a) here. First, unpacking the 
graphical representation, we see that (a) is equivalent to 

3^a-/X = r(/i, X)<j) = X)^) 

where (j) and tp are the compositions 

(p = (qtiA 01-^ 0 1 a) o (1a 0 _A 0 1a) o (1a 0 l-^x 0 cocva). 

Ip = (1_^ 0 1 a 0 qtr^) o (1_^ 0 0 1_^) o (coev^ 01 a 0 1-^). 

Let B{X) be a homogeneous basis for fo(A). Let hq G B{X)k. and wq & VilAi some K,f G X. 
We shall compare the images of our three maps on vg 0 Wq. 

First, note that 

3?a.-m(^^o 0 Wo) = k) ^(-l)‘'‘"^P(")7r,g, ^ 0 (6*)+iio- (3.3) 

sx f)eB„ 

For <p, first let us note the effect of each map in the composition separately. The graphical 
representation tells us which tensor factors are impacted at each step, so we restrict our view to 
these tensor factors when computing these maps. First, we have the coevaluation which adds two 
tensor factors on the right: 

coevA(l) = ^ 0 f. 

vGB{\) 

Next, we apply _^ = $ o o 0 to the middle tensor factors, so 

3i:;l,_AK 0v*) = J2 - Pi -kl + ^(.b*)+v* 0 b-w*o; 

V beB„ 

Finally, we apply the quantum trace to the two tensor factors on the left, hence we need to compute 
qtr(no0cr(&*)+?;*). Since x*{y) = 0 unless ||x|| = ||?/|| (that is, unless x and y have the same weight 
and parity), we can assume \v\ = k + v and p{v) = p{vo) + p{v). Then we have 

qtrA(r^o 0 cr{b*)'^v*) = 7rP^’'°^<7“^^’l”“l^(cr(6*)'''z)*)(r;o) 
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Putting these computations together, we see that 




rPivo)+p('^) „{p,K+v) 


vGB{\) V bGB„ 


X _ i,^—^'^-'^T^P('"o)p{vo)+p{wo)p(v)+p{u)p{vo)+p(v)^i^ 


X X 7rP(’"°)P('^)6-u.S (8) X ■ 




\v^B{\) 


But note that f(-^- 1 /,-K)(7rg)<'^’'"> = f(-^,-K), q^P''''^ = ql, and X;„gB(A) v*{{b*)+Vo)v = {b*)+Vo. 
Therefore, we have 

<j)(vo ® wS) = f(-^, -k)-X 0 (6*)+i;o 

f beB„ 

= k)~^Rx -p.ivo ® Wq). 

Finally, since —^ + Z[/] and k £ A + Z[/], we can apply Lemma [2.151 1') to conclude that 

(j) = A similar computation shows that tjj = [(^, A)“^lRA,-/i, and the result then 

follows from Lemma [2.151 □ 

Note that by identifying inverse maps in Lemma l3.3l fal and (b), we obtain the following corollary. 

Corollary 3.4. IFe have an equality of diagrams 



If 


K 


n 


r\ 


M A 






u 


A 


Finally, we show a somewhat more involved identity, which will lead us to our the final result. 
Lemma 3.5. IFe have an equality of diagrams 



\ h- AM 

for any choice of orientation. 


Proof. In order to prove the identity without referring to a particular orientation, it will be con¬ 
venient to introduce the following notation. Suppose m £ P((') and n £ P(—C) for some ( £ X'^. 
Let us denote by {n,m) (respectively {m,n)) the evaluation ev^(n(8)m) (respectively, the quantum 
trace qtr^(TO (8 n)). In particular, one may think of (—, —) as a pairing on P(C) © P(—C) satisfying, 
for v,w £ P(C), 

(r,w) = (u*,w*) = 0, (u,w*) = 7rP(’'fo(“)g-<P>l>(r(;*,i;), 

{uv,w*) = TrP^'^'^P'^^\v,S{u)w*), {uw*,v) = , S{u)v). 
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Indeed, all the statements of (13.41) are obvious except {uv, w*) = (v, S{u)w*), which follows 

from a simple calculation on the generators: for example, 

{E^v,w*) = S{E,)w*) 

In this proof we will use the notation (—, —) as shorthand for ev^ and qtr^ for both C = A, /i with 
the intended map (and highest weight) being clear from context. Using this notation, the diagram 
equality is equivalent to showing that the maps 

V' = O (Is^ ® ® 1-s/x) O ® l-sX ® l-ttJ.) 

(/> = O (ItA ® (-, -) ® 1-tA) O (IsA ® ® Ol^sX-tfj.) 

are multiples of each other for any choice of s, t G {1, —1}. 

Let w G U(sA), X G V{t^), y G U(—sA), and 2 G where U(—= U(^)* for ^ G X+. 

Then on one hand, 

ipiw ® X ® y ® z) = ^ ^ |r(;|)(—(6 “x, z){{b*)'^w, y). 

V beB„ 

On the other hand, using the representation of 0 in the basis cr(B), 

(j){w ® X ® y ® z) ^ |y|)(—cr(6 )“z)(rt;, cr(6*)+y). 

&6B,^ 

Thus to see that ii){w ®x®y®z) = (j)(w ®x®y®z), and hence that if) = since 

w, X, y, z are arbitrary, it is enough to show that I = where 

I = ^P(y)p(U+P(OUU^(|^|^ aib)-z)iw, a(6*)+y) 

j. = 7 rP(“')UO+p(Op(Oj:(|a,|^ \w\){b-x, z){{b*)+w, y) 

Using the properties of (—,—) (see (j3.4l) l and S (see (12.201) 1. we see that 

(x,a(6)-z)(w;,a(6*)+y) = 7rP(^)p('^)+P(“')p(‘^)q-‘'"^+<^’l^l>(7rg)-<^’l“l>(6-x,z)((&*)+u;,y) 

Note that l,r are both zero unless —||a:|| = ||z|| — zz and —||w|| = ||y|| + zz. In particular, I and r are 
both zero unless p{y) = p{w) + p(v), p(z) = p{x) + p[v), in which case 

p{y)p{z) +p{v)p{z) Ep{x)p{v) -\-p{w)p{v) = p{w)p{x) E p{w)p{v) (mod 2). 

Likewise, l,r are both zero unless —|y| = |rz;| + z/, —\z\ = |x| — z/, in which case 

f(|z|,M)zz—+<‘^’H-H>=f(-|x|,-H). 

Finally, note that f(—|x|, —|rz;|) = 7r^(“l“l^^(“l“'l)f(|x|, |u;|). Putting these observations together, 

I = TTP^^)pi^)+p(‘')p(^)+P(-\^\)P(-M)f{\x\,\w\){b-x,z){ib*)+w,y) = 

Since parity in X only depends on the X/Z[I] cosets and we have —|x| G p+Z[I] and —|uz| G X+Z[I], 
the result follows. □ 

Lastly, note that Lemmas 13.51 and 13.11 immediately imply the following corollary. 

Corollary 3.6. IFe have an equality of diagrams 




for any A, /i G X+. 


A 
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3.3. Renormalization. In the previous section, we deduced a number of identities between various 
slice diagrams. These identities are almost the Turaev moves for (framed) oriented tangles, except 
for factors of tt. Now we shall correct these factors. 

As noted in Remark 12.41 all of the previous statements about U and it’s modules hold verbatim 
over the subring Q(( 7 )’^ of Q(q,t)^. Now we will use the fact that tt = to renormalize our 
maps. These renormalized U-module homomorphisms will always be represented by a diagrammatic 
calculus with red strands and labels to differentiate them. 



X' 

Remark 3.7. We make two remarks about the red diagrammatic calculus. 

(1) We observe that whenever P(A) = 0, the maps represented by the red and black diagrams 
are the same. By Lemma this holds whenever A is an even weight ((n. A) G 2N) or n is 
even, thus in these cases we can work over Q{q)^■ 

(2) Note that we don’t define sideways-oriented crossings in the red strands. This can be done 
using these renormalizations and Lemma 13.31 but we shall not need these diagrams here. 



Recall that the writhe wr(T) of an oriented tangle T is defined by forgetting the orientation and 
setting 


wr 



= 1 , 



wr(T) = ^wr(A:), 


where the sum is over all crossings X in T. 


Theorem 3.8. Let T be an oriented tangle, and A G X'^ be a dominant weight. For any slice 
diagram S(T) ofT, let S(T)x be the associated map defined by the red diagrammatic calculus with 
strands colored by A. Then S{T)\ is is independent of the choice of slice diagram, and T\ = S{T)\ 
is an isotopy invariant of oriented framed tangles. Moreover, if = ( 7 rP*'^^f(A, A)“^g^^A))wr(r) 
then is independent of the framing, hence is an invariant ofT. 

Proof. To prove the theorem, it suffices to show that the maps S{T)\ (resp. J^) are invariant 
under the Turaev moves (cf. [Tul Theorem 3.2], [Ohtl Theorem 3.3, Equations (3.9)-(3.16)]) for 
framed (resp. unframed) oriented tangles. First, observe that the identities p.ll) and Lemma |3.11 
hold for red strands as well. We also see that (lO) holds for red strands which all have the same 
orientation. (In fact, if we define sideways-oriented crossings of red strands as described in Remark 
13.71 f2b then (13.21) would hold for red strands with any orientation.) 
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Furthermore, applying the normalizations and rearranging the r factors in Lemma 13.21 shows 
that, for either orientation, we have 



Similarly, we see that Corollaries 13.41 and 13.61 gives us the identities 



for any choice of labeling of the strands. In particular, we see that the Turaev moves for oriented 
framed tangles are satisfied, which proves that T\ is indeed an isotopy invariant of oriented framed 
tangles. Moreover, note that then satisfies the Turaev moves for oriented unframed tangles, 
since the only Turaev move that changes the writhe is Reidemeister 2 (which is to say the move 
straightening the crossings in Lemma [3.21) . □ 


We note that the proof of Theorem 13.81 actually implies a more general result, though we first 
need to recall some notions. The category of X+-colored oriented tangles is the strict monoidal 
category whose objects are finite sequences of pairs (A, s) where A G X~^ and s G {±1}, and 
whose morphisms from (Aa,Sa)i<a<b to {nc, Sc)i<c<d are tangle diagrams where the labeling and 
orientation of the r*** strand from the left at the lower (respectively, upper) boundary corresponds 
to (XrjSr) (respectively, (/rc,Sc)); c.f. [Tul lADO] for more details. In particular, morphisms in this 
category (and thus colored tangles) are generated from the elementary morphisms 

^A, ^A, ^A, (X)tM’ (5 <)a.m- 

subject to relations which are simply colored versions of the Turaev moves. 

We can extend Theorem 13.81 to framed multicolored tangles with the same proof. To obtain the 
unframed invariant, the normalization constant is replaced by nAeJC+ 

where wr^ is defined to be the writhe where we exclude from the sum any crossings where there is 
a strand not labeled by A. Therefore, we obtain the following corollary. 
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Corollary 3.9. There exists a covariant functor J from the category of X'^-colored oriented tangles 
modulo isotopy to Ogn which sends the object ((Ai, si),..., (Ar, Sr)) to the module l^(siAi) 0 ... 0 
V{srXr) cind is given on morphisms by 

r\x^ eYx, qtr^, l^a H> coqtr;^, a^a H> coevA, 

In particular, if L is an oriented colored link, then J{L) € Q{q,tY is the associated quantum 
covering osp(l|2n) colored link invariant. 


Example 3.10. Let’s take n = 1 and A = 1. Fix f(l, 1) = 1, and note that (p,A) = 1 and 
p{X) — 1. We can explicitly compute the maps represented by our diagrams on E(l) 0 ^(1)- 
Let ui,u_i be the basis of V{\) from Example 12.91 Then with respect to the ordered basis 
{vi 0 uijUi 0 0 ui,u_i 0 u_i} of E(l) 0 E(l), we have 


0 = 


and thus 


T 

0 


0 

O' 


'1 

0 

0 

O' 


'1 

0 

0 

O' 

0 

1 


0 

0 


0 

q 

0 

0 


0 

0 

1 

0 

0 

g-'- 

irq 

1 

0 

5 5^ — 

0 

0 

7rg 

0 

, s = 

0 

1 

0 

0 

.0 

0 


0 

1. 


0 

0 

0 

TT. 


0 

0 

0 

T. 


v 

0 


0 

O' 





0 


0 


O' 






0 0 


rq 


0 


0 T-^q T — T'^q^ 0 


0 0 


0 


/ 




- rq ^ 


rq 

0 

0 


Note that TrPWqihX = 7 ^^. Then it is easy to verify directly that 


X-'X 





Now let T be an unframed oriented link with all strands colored by A, and fix a subdiagram which 
consists of two strands with either no crossing or a single crossing. Since T'^ is isotopy invariant 
and independent of framing, we may assume that the strands are directed upward. Let T+ (resp. 


To, T_) be T with the subdiagram replaced (resp. 

relation and the definition in Theorem [3^ 




A 


). Then using the above 


(Trg Jt+ - (7rg^)>/T_ = (^ - 

hence 

(Trg^)-! J. 1 ^ - 7rg2 Jt_ = {jq~^ - T^q)JT^. 

Moreover, if T is the unknot, then for either orientation we have = T^q + Tq~^. In particular, 
we see that for any link K, is simply a multiple of the Jones polynomial of T in the variable 
T^q = T~^q. In particular, note that using the specialization r = t, which corresponds to tt = —1, 
this shows the uncolored L(j(osp(l| 2 )) link invariant is equal to the link invariant. 


4. Relating so(2n + 1) and osp(l|2n) invariants 

The results of Example 13.101 suggest a connection between the specializations of the tangle 
invariants in Theorem l3.8l We now make this precise by extending the constructions in |0FLWl [q. 
We begin by recalling the definition of the twistor maps. 
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(4.1) 


(4.2) 


4.1. Definition of Twistors. An enhancer </> is an function (p : h[I] x A —>■ Z satisfying 

A + /i) = /i) + (j){v, A) mod 4 for v,^, & Z[/] 

(l){h' + ^, A) = (piy, A) + (^(/r, A) mod 4 for v, ^ € Z[/] 

i) = di and G 2Z for i j G I. 

- <)>(iA) = * • j + 2p(i)p(j) mod 4 for i, j e / 

Note that i) — i) = 0 = i-i + 2p{i)p{i) modulo 4 since i-i = 2di and 2p{i)p{i) = 2p{i) = 2di. 
In particular, note that these congruences imply that 

04 : Z[/] X Z[/] —>■ Z/4Z defined by 04(/i, J^) = 0(/r, i^) mod 4 is a Z-bilinear map 
and 0(/i, v) = 0(z/, /i) + /i •:/ + 2p(p)p{v) mod 4 for p,v G 

Note that an enhancer can always be defined on Z[/] x Z[/] by defining it for I and extending in 
Z-bilinearly, and then it can be extended to Z[/] x A by translation along a transversal of A/Z[/]. 

When / has a unique odd element, as in the present case, the enhancer is closely related to the 

usual pairing. 

Lemma 4.1. Let 0 be an enhancer. Then 0(/i, v) + 0(i^, p) = p ■ v modulo 4- 

Proof. First set (, )^, (,), : Z[/] x Z[/] —>• Z/4Z by {p, = 4>4{p, v) + 04(t^, p) and {p, v), = p - v 

mod 4. Both maps are Z-bilinear, so it suffices to show they take the same values on / x /. Well, 
ii i j, then at least one of i or j is even and thus 2p{i)p{j) = 0 since |/i| = 1. On the other 
hand, 0(0 j) G 2Z so 0(0j) + 0(j,f) =4 (pii, j) - =4 i ■ j + 2p{i)p{j) = i-j. Finally, note that 

0(0 i) + 4>{i, i) = 2di = J • f for any i G I. □ 

The (p-enhanced quantum covering group U associated to U and the enhancer 0 is the semidirect 
product of U with the algebra Q(q, t)^[T^, | /x G Z[/]] subject to the relations 

To = Tn = Tf = Tt = 1, 


2020 — 20 + 1 /, 


T 'Y' _ 'Y' 

fl ^ U — -L /L+l/ •) 


IQ= lq = = L^ = 20Ti/ = Tj/r^, (4.3) 

= uGU, /xGZ[/] (4.4) 

= uGV, pGl\I] (4.5) 

See |CFLW[ IC] for a more formal definition. The enhanced quantum covering group has a useful 
Q(t)-linear automorphism called a twistor. There are several ways to define such a twistor; we will 
need the following. 

Proposition 4.2. [CFLWl Theorems 4.3, 4.12] Define a product * on i by the following rule: 
if X and y are homogeneous elements of i, let x * y = Let (f, *) denote f with this 

multiplication. 

(1) Then there is a Q(t)-linear algebra isomorphism X : f —^ (f, *) defined by 

^{Oi)=0i, X{q) = t~^q, X(T)=t“V. 

(2) Let 23 be the canonical basis of i (cf. [CHW2| ). Then X on f satisfies X{b) = for all 
b G T), where i{b) is some integer depending on b. 

(3) There is a Q{t)-algebra automorphism X : U —>■ U defined by 

X(A,) = t-if.T.A,, XiF,) = F,T_,, X{K^)=T_^K^, X(J^) = T2^ 

x(r^) = r^, X(T^) = T^, x{q) = t-\, x(T) = t-V, 

where if p = Tih Tf, = U.iei'^mdii- 

(4) For a: G f[t], we have 

(a) X(x+) = t2f(l-l)x(a:)+f|,|T|,| 

(b) X(a;“) = X(a;)“T_| 3 ,| 
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Later on, we will need some alternate versions of the results in Proposition 14.21 which we shall 
prove now. First, we note the following analogue of Proposition |421 (2) for the dual canonical basis. 

Lemma 4.3. Let (—, —) be the bilinear form on f defined in (12.131) . Then 

X-\{X{x),X{y))) = 

In particular, X{b*) = (—for any b G H. 

Proof. Let {x,y)^ = X~^{{X{x),X{y))) and observe that this is a Q(g,t)^-bilinear form on f[t]. 

Moreover, note that ir(X{w)) = by the same proof as [CFLWl Proposition 

3.2(b)]. To show {x,y)^ = (—y), we proceed by induction on the height. First note that 

(1,1)* = 1 = (1,1), = X-i (- - = (0„ 9,). 

V 1 - J 

Now if cc G and y G f[t]i, for some i G I and v G with ht(i/) > 1, we have 

{9,x, yf = X{y))) = 9,)X-\{X{x), ^r(X(y)))) 

= (9„9,)X-^((X(x), XOr(y)))) 

= (-l)P(-^)+'^(^^-^)(9„9,)(x,,r(y)) 

= (-l)P(-^)+p(-^M^)(9,x,y) = 

where in the last equality, note that if z/ = then we have (/)(i, v — i) = {vi — \)di modulo 2. 

The proof is finished by observing that [vi — l)di = p{iy — i)p{i) for any i G I, since ii i both 

sides are 0 modulo 2, and if i = n both sides are equivalent to z% — 1 modulo 2. □ 

Remark 4.4. Though Lemma l473l as stated requires |7i| = 1, a version of it also holds for arbitrary 
enhanced quantum covering algebras. Indeed, if \Ii \ > 1, then X“^((X(a;), X{y)) = 1 ( 2 ) (x, y), where 
\x\=v = and ( 2 ) = Eie/ 

It will also be more convenient to have the following variant of Proposition 14.21 (4b). 


Lemma 4.5. IFe have 

X(az+) =t^|f|,|T|,|X(az)+. 

Proof. This is true if a; = 0^. It sufhces to show if it is true for x, then it is true for 9iX. 
X{9,x+) = Xi9+)X{x+) = t-^f,T,E,t-^nT,X{x)+ 

But then by Lemma ICT 

-i-v — (j){v, i) — (p{i, v) =4 —2i • z/ =4 0 . 


□ 


4.2. U-modules and Hopf structure. Let M be a U-weight module. Then M is canonically a 
U-module by defining 

Tfj,m = y G Z[I],m G My, (4.6) 

T^m = ^GZ[/],mGMA. (4.7) 

To that end, we will call any U-module which restricts to a U-weight module and satisfies (gH) a 
U-weight module. If it additionally satisfies (14.7L we shall call it a canonical U-weight module. 

In particular, any tensor product of U-modules can be given a canonical U-weight module 
structure. However, such a procedure forgets the action of the T elements on the factors due to 
the lack of additivity in the second component of 4>. 
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Example 4.6. Consider the case n = 1. Then U has the canonical weight module E(l) = 
Q{q,tyvi © Q(g,t)^u_i which is isomorphic to ld(l) as a U-module and satisfies = tui 
and Tj-ui = vi- Then E(l) © ^(1) is a U-weight module hence has a canonical U-module 
structure, but note that 

Tjui © ui = © vi 

and by the definition of (p, we have 2) = 0(1,1) = 1 ^ 0(1,1) + 0(1,1). 

In particular, canonical module structures will be too naive for our purposes. Instead, we will 
introduce Hopf structure which will inform our classes of weight modules. 

Proposition 4.7. The algebra U has a Hopf covering algebra structure given by the following: 

(1) A coassociative coproduct A : U —>■ U ©Q(g,t)^ U extending A : U —>■ U ©Q(q,t)^ U such that 

A(T^) = and A(T^) = for p, € Z[/]. In particular, we inductively define 

A* = (A © 1*“^) o A‘“^ : U —)► for any integer t > 1. 

(2) An antipode S' : U —>■ U extending S : U —>■ U such that S(T^) = T_^ and S(T^) = T_^ 
forpGZ[I]. 

(3) A counit map e : U —?> U extending e : U —>■ U such that e(T^) = e(T^) = 1 for p G 

Proof. To show that these maps define a Hopf structure, we need only check that these morphisms 
respect g31)-(H31). This is obvious for (14.31) . and can be quickly verified for (14.41) and 631 by 
checking it for the generators of U. For instance, 

A(T^)A(E0 = (T^ © T^)(E, © 1 + J,K, © E,) 

= A!f^Ei © + T © Tfj^Ei 

= t^©©A(E0A(T^); 

S(E0S(T^) = = t'^('^'*)S(T^)S(E0; 

e(F;,)e(T^) = (0)(1) = (1)(0) = f^('^’*)e(T^)e(E,). 

Finally, the co-associativity of A on U follows immediately from the co-associativity of A on U 
and the fact that and are grouplike elements. □ 

The coproduct gives us another way to define an action of U on tensor products of canonical 
U-weight modules. Henceforth, given U-weight modules M and N, we let M®N denote the space 
M N with the U-weight module structure induced by the coproduct on U. (Note that in 

general, the module M®N is not canonical!) 

Example 4.8. Continuing the previous example, the action of Tj on U(1)©U(1) is given by 

A(T-)ui © ui = '^^Vi © Vi- 

Another natural module to consider is the following. Given a canonical U-weight module M, we 
can construct the restricted linear dual M*. This space is naturally a U-weight module as in t|2.4l 
hence has a canonical U structure. On the other hand, let M'^ denote the space M* with the action 
of U defined by {uf){x) = f{S{u)x). Note that is not canonical: if / G {M\,s)*, then 

I/I = —A but nevertheless 

T^/= 

Since modules with these unorthodox actions of the will be of primary importance, we give the 
following definitions. 
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Definition 4.9. We say that a U-weight module M is anti-canonical if T^m = for all 

m G Mx- More generally, we say that M is a mixed weight module if there exists an integer t > 1 
and a sequence c = (ci, .. . ,Ct) S {±1}* such that Mx = where 

{X*)x = {(Ai,..., At) G X* I A = Ai + ... + As} , 

M^x,) = {m e M I T^m = for all fi G Z[/]| . 

We say c is the signature of M, and denote it by sig(M) = c. 

Remark 4.10. We note that just as any weight U-module can be given a canonical U-module 
structure, it can also be given an anti-canonical U-module structure. Indeed, suppose M is a 
weight U-module and define T^m = and Tim = Then this defines an action 

of U, since for any i G I and u £ U, Tium = 

In addition to classifying modules by the action of the T elements, another property of U-weight 
modules which will be important to us is their interaction with the twistor map X : U —>■ U. 

Definition 4.11. Let M be a U-weight module. We say M carries a twistor X (or X is a twistor on 
M) if there exists a homogeneous Q(t)-linear bijection X : M ^ M such that X{um) = X{u)X{m). 

Modules which carry twisters are not hard to find. Indeed, the simple U-modules U(A) are 
themselves examples when given canonical (or anti-canonical) actions of U. 

Lemma 4.12. [Cl Lemma 6.9] Let A G X~^. Let V(X) be the space V{X) with the canonical 
action of U. There is a Q{t)-linear map X : U(A) —>■ U(A) which satisfies X{vx) = vx and 
Xx{um) = X(u)X(m) for all u G U and m G U(A). 

In light of Lemma [2.81 it follows that the U-module U(A)*, viewed as a canonical U-module, 
also carries a twistor. A similar argument to El Lemma 6.9] can be used to construct a twistor on 
U(A) with an anti-canonical action of U, hence the U-module U(A)*' carries a twistor. However, 
this construction is not very compatible with the dual basis, since it relies on an isomorphism 
V (A) —>■ n^('^A(A) and is defined by descent from the highest weight vector. To obtain a convenient 
definition of a twistor on the dual modules, we will define a map directly on U(A)'^. 

Define the dual twistor on U to be the map X\u) = S o X o S~^{u). This map is clearly a 
bijection, and for any m, u £ U we have 

X^{uv) = S{X{S~^{uv))) 

= t2p(“)pWS'(X(S'-i(M)))S'(X(S'-i(z;))) 

= t‘^pMpMx'i{u)X\v). 

Therefore, it is determined by the images of the generators, which are 

X\E,)=UE,T_i, X^(F,) = T,i^,f„ X\Kf,) = T_f,K^, X^(J^)=T2^J^ 

X\q)=t~^q, X'^{T)=tT. 

In particular, note that 

X^{x-) = T^X{x)-f^. (4.8) 

While X*' is not an algebra automorphism of U, it shares many properties with X. In particular, 
we have a version of Lemma 14.121 


Lemma 4.13. Let X £ X+. There is a Q{t)-linear map X^ : U(A) —>■ U(A) which satisfies 
X^(u_\) — ux and X'^i^um^ = t^P(“^P(’”)X*'(u)X^(TO) for all u gV and m G V{X). 




27 


Proof. This follows from more or less the same proof as [0 Lemmas 6.8, 6.9]. To wit, we can 
identify the Verma module of highest weight A for U with f (cf. loc. cit for details), and in 
particular this is naturally a canonical U-module. Then we define a map : f — >■ f via x5^(a;) = 
Then it is straightforward to verify that X^{ux) = for 

X G 1^(A) and u = Fi,T^, T^. From the calculations in loc. cit and the definition, we see 

that 

X\{Eix) = t*E,x\{x). 

where * = (v — i,\^ — (i>. A) + (j){v — i, \ — v + i) — (f)(v, X — ly) — di + X — + i) — v — i). 

Now we can simplify * and apply (14.2p to see that 

■k = i) — v) — X — v)-\-i-v + di = 2p(i/)p(i) — X — v) di mod 4, 


and thus 

x\{Eix) = = tP^''^'P^'^X'^{E,)x\{x). 

Finally, we note that the kernel of the projection f —>• y(A) is trivially preserved by 
descends to a map on 14(A). 


hence it 
□ 


The dual twistor X^ is what will allow us to define a convenient twistor map on dual modules, 
as follows. Recall that 14(—A) denotes the U-module 14(A)*. We will adapt this notation to 14(A)*'. 

Lemma 4.14. For X € let 14(—A) = 14(A)^; that is, the space 14(A)* with the action of IJ in¬ 
duced by the antipode S' : U — >■ U. Define a map X on U(—A) by X(/)(x) = t^^'*^-l')^('')X(/(X^ ^( 2 ;))) 
for homogeneous x G 14(A) and f G 14(—A). Then X{uf) = X{u)X{f) for allu gU and f G 14(—A). 

Proof. Let / G 14(—A) and x G U(A) be homogeneous. First, observe that since X^ preserves the 
X-grading, X{f){x) = 0 unless ||a:|| = ||/||. Moreover, if a G Q{q,ty , 

X(/)(ax) = t2p(^)P(")X(/(X^”\ax))) = XiX-\a) f {X^~\x))) = aX(/)(a;), 

so X(/) is indeed an element of 14(—A). 

Now suppose u G U. We compute that 

X{uf){x) = t‘^P^^^^P^^^X{iuf){X'^~\x))) = t2p(“)p(^)+2p(/)p(^)x(7rP(“)P('^)/(5'(u)X^"\a;)), 


X(m)X(/)(x) = t2p(/)p(“^)7rP(“)P('^)X(/(X^“^(S(X(u))x))) 

^ t2p(f)pD)+Mu)p(a:)x{TrP(^)p(f)f{S{u)X^~^{x)). 

Therefore, X{uf) = X{u)X{f). □ 

4.3. Twistor on tensor products. Now let us return to the question of relating the osp(l|2) 
and s[(2) link invariants. Since the invariants arise from maps between tensor products of simple 
modules and their duals, we shall also need variants of the twistor maps on the corresponding U- 
modules. In the following, we shall define a number of versions of X in different settings. However, 
they will all be compatible in natural ways, so rather than label these maps differently, we shall 
treat them en suite as an operator on U and its modules. 

The following proposition takes the first step in this direction by showing that there is a natural 
extension of the twistor maps to tensor powers of U. 

Proposition 4.15. For each po.sitive integer t, there exists a Q(t)-algebra automorphism X of 
U®t+i which satisfies 

Xix 0 z/) = X(x)A^(T|^|) 0 A^'(f|,|T|,|)X(z/) 

for any positive integers s,s' satisfying s + s'=t + l, xG U®®, and y G U®® . Moreover, 
A‘(X(a:)) = X(A‘(a;)) for any x G U. 
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Proof. Define X' : U®*+i ^ as follows: for a; = 0*^1 S U®*+i, let X(a:) = 0*ti ^{x)s 

where 

It is elementary to check that 

X{x 0 j/) = X(a:)A'*(T|^|) 0 A^'f’|,|T|,|X(y) 

for any positive integers s, s' satisfying s + s'=t+l, a:G U®®, and y G U®® . Moreover, since X 
on U is a bijection, it is easy to see that so is X on XJ®*+i. 

We will prove that X is an isomorphism by induction. Since X on U is an isomorphism, let us 
assume X on U* is an isomorphism. Then for x,w G XJ®* and j/, z G U, 

X{x ^ y)X{w ^ z) = (X(a:)T|y| 0 f'|,j,|T|,^|X(y))(X(u;)Tp| 0 f'|„|T|u,|X(z)) 

= 7rP(^)^(“')X(a:)T|,|XHT|,| 0 f|,|T|,|X(y)f|„|T|^|X(z) 

= ^p(yK-)t'A(|y|.l“l)-<^(l“My|)-l“l-|ylX(xu;)T|y,| 0 f’|,„|T|,^|X(2/z) 

= T,p{y)pMtMy)pi^)X{xw 0 yz) = XiTrP<~y'>P^''''>xw 0 yz) 

= X{{x 0 y){w 0 z)) 

This completes the induction showing X on is an isomorphism as claimed. Finally, showing 

that X commutes with A* is straightforward using (14.91) and checking on the generators. □ 

Now that we have a viable twistor map on tensor powers of U, we need an analogue on the tensor 
powers of modules. In particular, suppose we have a collection of U modules which are canonical or 
anticanonical, and which carry twistors. We will produce a twistor on the tensor product of these 
modules. 

As might be suggested by EH), this is not as simple as taking the tensor power of the twistors. 
A version of such a twistor is produced in El Proposition 6.11] by rescaling the tensor product 
of twistors by a power of t given by a function of the weights of the tensor factors. We will do 
something similar, but it turns out that we will need functions which depend not only on the weights 
of tensor factors but also their parities, as well as the signature of the tensor product. 

Lemma 4.16. Let c = (ci,C 2 ) where ci,C 2 G {!,—I}. There exists a function Kc ■ —>■ Z 

satisfying k((0, 0),^) = k(C, (0,0)) = 0 modulo 4 cin-d 

Kc(C + M,C' + i^)-Kc(C,C') = (A, \C\)+C 2 (l){y,C 2 \C\) + ^p{Op{^)+ci4'{}^,ci\C\) + yiz+(j){y.,v) mod 4 
for all C, C' G A and pi,v & 

Proof. Fix c = (ci, C 2 ) where Ci, C 2 G {I, —I}. Note that it suffices to show such a function k = 
exists on each coset of Z[J] x Z[/] (where as in (j2.6l) . we view Z[/] as a subset of A), so fix a set of 
representatives C of A/Z[/]. For CoiCi £ C'j set 

«^(Co + Cl + = {p, ICil) + C2(j){p, C2IC1I) + ‘^p{C,o)piy) + Ci\c,a\) + yv + v). 

It is elementary to verify that this has the desired properties. □ 

We henceforth suppose we have fixed choices of Kc for each c G {!,—I}^. We can extend k 
naturally to larger powers of A. Let t > I be a positive integer and fix a sequence c = (cg) G {±1} . 
Let Kc : A* —>■ Z be the function defined by 

«c(C)= E '«(c..c.)(C.,C.), C = (Cs)eXf 

l<r<s<t 

Then if C = (O, C = (CD ^ with Cs = Cs + ^r,si for some 1 < r < t, then 

k(C') - k(C) = E ((blCs|) + Cs<?i'(i,Cs|Cs|)) + E (2p(Cs')p(*)+ Cs'C>(bCs'|Cs'l)) mod 4. 

r<s<t l<s'<r 
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We can observe some convenient properties of the maps Kc- 

Lemma 4.17. Let c = (cs) G {±1}* and ( = iCs),C = iCs) G 

(1) Let 1 < r < t, and define c<r = (ci,..., Cr), c^r = (cr+i, • ■ •, Ct). Likewise, define = 
(C",..., C") and C>r = iCr+i, ■■■, Ct) for any C" = (C") G X*. Then 

'^c(C; C ) = '^c<r(C<'r) C<r) "f ^c>r(C>r-) C>r) ^ ^ ^(cs ,c^/) (Cs ) C') 

l<s<r<s' <t 

(2) Suppose that there exists 1 < r < t sueh that Cr = C( + r', Cr+i = C(+i ~ and Cs = C's for 
s r,r + 1 and some v G Z[/]. Then 

Kc(C) - Kc(C0 = Cr-+l) + Cr+lfifn, Cr+lCr+l) + 2p{v)p{C,r) “ Cr0(^, CrCr) - V -V - 4){v, v) (4.10) 

(3) For any C G W and Ci = ±1, we have 

Kci.±1,=fi(C + (i^) 0)) (tA, 0)) = /«ci,±l,=Fl(C) (i''^) 0), (tA, 0)) 

K±i,zpi,c, ((±A, 0), (tA, 0), C + j>) = Kii.Ti.ci((±A, 0), (tA, 0), C) 

Proof. We note that (1) is an immediate consequence of the definition of Kc- On the other hand, 
(2) and (3) both follow from direct computations and the definition. □ 

The functions Kc allows us to define a twistor on tensor product modules as follows. 

Proposition 4.18. Let Mi, M 2 , ■ ■ ■, Mt be eanonical or anti-canonieal \J-modules carrying twistors 
and let M = Mi®M 2 ® ■ ®Mt he the -module (and hence a mixed U-module via A* with 

the natural action. Set c = sig(M) = (ci,... ,Ct). Then the automorphism 

Ximi (g)... (g) mt) = 0 ... 0 X{mt) 

satisfies 

X((xi (g) ... (g) xt){mi (g)... (g) mt)) = X{xi 0 ... 0 xt)X(TOi 0 ... 0 mt). 

In partieular, X{um) = X{u)X{m) for u G U and m G M. 

Proof. First, observe it is enough to show 

X((l®“^ (g) Ts O l*“'*)(mi (g)... (g) mt)) = X(l®“^ (g) Xs (g) (g) ... (g) mt) 

where 1 < s < t and Xs is a generator of U. This is trivial when Xs is J^, and for some 
pL G Z[/] so it suffices to check the case Xg = Ei,Fi for f G /. To do this, let us make our equations 
more compact with the following notations: for mi (g) ... (g) mt G M, let 

m<^s = mi (g) ... (g) mg-i, m^s = msTi ® .. .®mt 

X{m)^s = X(mi) (g) ... (g) X{ms-i), X{m)ys = X{ms+i) (g)... (g) X{mt), 
l|w||<s = (ll"ll|l>--->ll"l^-l||)) ll"l||>s = (ll"l^+l|l.--->l|wt|l)> 

(/)'(i,m<s)= ^ Cr(j){i,Cr\mr\), (j)"{i,m>s)= ^ Cr(j){i,Cr\mr\). 

l<r<s s<r<t 

Using these notations, we compute that 

(g) Lli (g) l*“'*)(m<s (g) m^ (g) m>s)) = (g) Eirng ® m>s) 

^ ^ X{E,ms) (g) X{m>s) 

X 7r^^*^P^’”<'’^X(m)<s (g) X{Ei)X{ms) ® X{mys) 

^ t«(||m<.||.||m.||.||m>.||)^p(i)p(m<.) (^xf ("■^^X(m)<s) (g) {X{Ei)X{ms)) ® ((Tifi)®^‘"")X(m>,)) 
= ® Ei® l*“'*)X(m<s ®ms® m-^^s)- 
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The case Xs = Fi proceeds similarly. □ 

We now have defined a family of compatible twistor maps on (anti-)canonical modules and their 
tensor products. Moreover, the twistor maps on tensor products of modules are compatible with 
one another in the following sense. Let Mi,..., Mj, ci,..., Cs and M be as in Proposition I4.18| 
Fix 1 < r < t and set m<cr = rrii (8)... ® rrir and m>r = nir+i ® ... (8) mt- Then by Lemma l4.17f ll. 

X{m<r ® m^r) = I X(TO<r) 0 X(m>r.) (4-11) 

yi<s<r<s^<i J 

4.4. Twisting the crossings, caps, and cups. We have now lain the groundwork for studying 
the atomic maps in our graphical calculus from ^ under the twistor functor. Specifically, we will 
show that the twistor almost commutes with cups, caps, and crossings up to a factor of an integral 
power of t, where the power depends on the map. We begin by considering the cups and caps on 
their domains of definition. 

Proposition 4.19. Let A S . Then the map ev\ (respectively, qtr^,, coev^, and coqtr_,,j viewed 
as a function V{—X)'S)V{X) —?> Q(g,t)’^ (resp. V{X)i^V{—X) —>■ Q(q,t)’^, Q{q,ty —>• P(—A)( 8 )P(A), 
and Q{q,ty —>■ P(A)( 8 )P(—A)j is a XJ-module homomorphism. Moreover, we have 

( 1 ) evA X = t'‘(-Li)((“^’ 0 )’(^,o))xevA; 

(2) qtri, X = . 

(3) coevA X = . 

(4) coqtr^,, X = t“''(L-i)((^’O).(-A,o))j 0 (,Qq^j.^^ 

Proof. First, observe that since these maps are U-module homomorphisms, they preserve weight 
spaces hence preserve the action of Ti for i G I. Therefore, it only remains to check that they 
commute with the action of for i G I, As the arguments are all similar, let us show this for evA- 
Let / S V{—X) and x S P(A). Then 

Ti evA(/ (8 x) = evA(/ ® x) = f{x). 

On the other hand, Ti(/ 0 x) = (Ti/) O (TiCc) = ^ x hence 

evA(T,(/ 0 x)) = t^(*'l-l)-^(*.-l/l)/(a:). 

However, since f{x) = 0 if |/| —|a;|, we see that ey\{Ti{f 0 x) = = f(x) = 

TievA(f 0 x). 

To verify (l)-(4), it suffices to compute the images X{b~v\ 0 {b~v\)*) and X(( 6 “wa)* <8 b~v\) 
for b G ®i/ = 23 n fi/. We compute directly that 

X(&-z;a) 

X\b-vx) = 

This implies that for any b, b' gH^^, 

Xiib-vx)*)ib'-vx) = t^P^‘'^Xi{b-vx)*{X^~\b'-vx))) = 

and hence X(( 6 -ua)*) = (^b-yx)*. In particular, for c = (1,-1) observe 

that 

X(( 6 “Ua) 0 (b-vx)*) = t«-=((TO)-i>.(-A,O)+e)+£(b)- 0 (i..A)+ 2 pH-£(b)-(i.,A>- 00 .A- 0 ^^-^^) ^ (b-vx)* 

^ ^«e((A.O).(-A,O))+ 2 p( 0 -,..,.^^-^^^ ^ ( 6 “Ua)* 

It is easy to verify that = pfu) modulo 2 by induction, hence we see that 
X((&-ua) 0 ib-vxY) = ^ {b-vxf. 
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A similar computation shows that 

^iib~v\) * 0 {b~vx). 

Note that in either case, the power of t is independent of 6 £ 25, and applying this to the definition 
of the maps proves (1) and (4). For (2) and (3), also note that , and 

we compute that the result follows. □ 

Example 4.20. Consider the case n = 1 and X = m. As noted in Example 12.101 (p. A) = m and 
evm o coevm = 7r"*[m + 1]. Then we have ev^ o coev^ oX(l) = 7r™[TO + 1], and 

X o evm o coevm(l) = X(7r’”[m + 1]) = t“™7r"*[m + 1] = t“™ evm o coevm oX(l). 

Note that this is consistent with Proposition 14.191 as we see that 

eVm O COeVm oX = + gy^ oX o coevm = t™X o evm o coeVm ■ 

The last elementary diagram to consider is the crossing, which is to say the automorphism 
R = 0^s of a tensor product of two modules. In order to have a concrete comparison of i?X 
and Xi? on tensor products carrying twistors, it will be necessary to have a precise description 
of X(f(C,p)) for any (,r/ € X. To that end, let us once and for all fix a transversal T of X/1j[I] 
and note that T = {(C, 0), (^, 1) | C G T’} is a transversal of A/Z[J]. Then for Coi Ci £ T, we shall 
henceforth require that 


f(ICo|,|Ci|) = l. (4.12) 

Then we have the following proposition. 

Proposition 4.21. Let A, A' £ A+ U —A+. Let (X' G T be the corresponding coset representa¬ 
tives of (A, 0) and (A',0) in A/Z[/] and let (ci,C 2 ) = sig(F(A)0F(A')). Let IR : F(A)0F(A') —>■ 
F(A')0F(A) be the map described in Proposition Then Jl is a JJ-module homomorphism. 

Moreover, as maps on F(A)0y(A'), we have 

_ .(;Ki:c2,<=i)(‘i'>0“«('=i,<=2)C’?A+2p(C)p(C')g^3g;^ 

Proof. Recall that IR = 0fs by definition. It is easy to see that IR is a U-module homomorphism: 
indeed, since IR preserve weight-spaces, it commutes with the action of the Ti for i G P, moreover, fs 
obviously commutes with the diagonal action of T^, and it is easy to check directly that 0yA(Ti) = 
A(Ti)0,y. We will prove the remainder of the proposition in two steps. 

First we shall show that X(0i/) = 0,^ for any v £ Z>o[/], and thus X0 = 0X as maps on 
F(A) 0 R(A'). This is straightforward: applying Lemmas 14.51 14.31 and Proposition 14.151 to the 
expression for 0^ in terms of the canonical basis 23, we compute that 

X(0,) = (-!)*'*^ X(6-)T,0f_,T_,X((6*)+) 

bG®^ 

= (-I)“"7rPM^,g, 

bG®„ 

Now it remains to show that we have Xl?s = t”(‘= 2 ,ci)(C ,C)-«(ci,c 2 )(C,C )+2p(C)p(C as maps on 
F(A) 0 F(A'). Set c = (ci, C 2 ), and c = (c 2 , ci). Let m £ F(A) and n £ F(A'). Then we see directly 
that 


X5's(m 0 n) = t^Pi^^P0^+‘^P\Hl\M)x{f{\n\, |m|))7rP(’”)P(")X(n) 0 X(to) 
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^sXim (g) n) = t'^<=(ll"*ll-ll"ll)f(|n|, |m|)7rP(™)P(")X(n) ® X{m). 

The proposition then follows by verifying that 

^ 2 p(m)p(n)+Ke(||™||,||"i|l) 3 £;(j:(|^|^ |w|)) = |m||,||n||)^ \m\), 

Note that ( = ||m|| + fi and (' = ||n|| + v for some G Z[/]. Let (^ = |(^| G X and (' = |C'| G X. 
Then in particular, (14.121) implies 

so X(f(|n|, |m|)) = |m|). Therefore, we are reduced to showing that £ = r 

modulo 4, where 

£ = 2p{m)p{n) + (z>, C) - (/I, C') + ■ v + Ki{\\n\\,\\m\\), 

r = 2p(C)p(C') + «^£{C',C) - Kc(C,C') + «c(||m||, ||n||) mod 4 
We compute directly that 

\\m\\) - KsiC',0 + Kcitc') - i^ci\\m\\AH\) 

= K5{C -V,l- p)- Kg(C', C) + Kc(C, C') - Kc(C - Ai, C' - v) 

=4 - {v, 0 - Ci0(j^, CiC) + 2p{C)p{p) - C 2 (j){p, C 2 O + P-V + (l){p, v) 

+ (A, C) + Ci(j){p, ciC) - 2p(\)p{v) + (j){v, X) - p - 4i{v, p) 

=4 2 p(X)p(iy) + 2 p(()p(p) + 2 p(p)p(iy) - {i>, X) + (pX) + ^^ ■ i' 

=4 2p{m)p{n) - 2p(A)p(C) - (i>, A) + (/i, C) + ■ v, 

where here =4 denotes equivalence modulo 4. This finishes the proof. □ 

We have seen that the twistor map commutes (up to an integral power of t) with the elementary 
functions in our graphical calculus. However, note that in Theorem 13.81 the typical composand of 
a tangle invariant is not just one of these maps, but in fact is a tensor product of these maps with 
various identities. It is important to note that a consequence of ProDOsition l4.18l is that the twistor 
maps on tensor products are not local, since the power of t in the construction depends on the 
weight and signature of each tensor factor. Nevetheless, we can extend Propositions 14.191 and IT^T] 
to this more general setting. 

Proposition 4.22. Let Mi ,..., Mt he XJ-modules sueh that for each 1 < s < t, Mg = V{ps) for 
some ps G X+ U —X+. Let M = Mi® ... ®Mt and let c= (ci,..., Ct) = sig(M). For any X G 
and 0 < r < t, we define M<r = Mi® ... ®Mr, M^r = Mr+i® ... ®Mt, and 

M{r,±X) = M<^§P(±A)§P(=FA)SM>r. 

(1) Let IRs = 1 m< 3 _i ® ^® 1m>s+i ■ M ^ M for some 1 < s < t — 1. Then as maps on M, 
XRs and RgX are proportional up to an integral power oft. 

(2) Let ev(M,r, A) = lM<r ® evA®lM>^ for some 1 < r < t. Then as maps on M(r,—X), 
Xev(M,r, X) and ev{M,r, X)X are proportional up to an integral power oft. 

(3) Let qtr(M, r, A) = lM<r ® qtr_)y (g)lM>r for some 1 < r < t. Then as maps on M(r,X), 
Xqtr(M, r, A) and qtr(M, r, A)X are proportional up to an integral power oft. 

(4) Let coev(M, r. A) = lM<r ® coev;^ (g)lM>r for some 1 < r < t. Then as maps on M, 

Xcoev(M, r, A) and coev(M, r, A)X are proportional up to an integral power oft. 

(5) Let coqtr(M, r. A) = 1 m<^ ® coqtr_)^ ®1 m>^ for some 1 < r < t. Then as maps on M, 

Xcoqtr(M, r. A) and coqtr(M, r, A)X are proportional up to an integral power oft. 
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Remark 4.23. The precise constants of proportionality can be determined directly as in Proposi¬ 
tions |4T9] and 1121] (and can be worked out from the following proof), but we leave them out of the 
statement of Proposition 11221 because they are not particularly illuminating, and are not necessary 
for Theorem 14.241 


Proof. As the proofs of (2)-(5) are similar, we shall only prove (1) and (2) here in detail. 

We will begin with the proof of (1), which is essentially the same as the proof of Proposition 
14.211 To wit, we first observe that for any a, 6 > 0 and v G N[/], 

0 0, 0 1®^) = (T|e,|)®“ ® ® (T|e„|T|e„|)®'’ =, 

and the result follows from the observation that |0i,| = u — u = 0. Then XRg = 0 0 (8) 

l*-'*“i)X5'sSs. Then we verify directly that XS'sSs = )+2p(C)p(C 

where C, (resp. f') is the coset representative for (^s,0) (resp. (/Ts+i, 0)). 

Now, we shall prove (2). Note that an arbitrary element of M(r, —A) is a linear combination of 
simple tensors of the form x = vx)*®{h'~ vx)®m^r, where 6, b' G 23, m<r = mi0.. .(S>mr G 

M<cr and m>r = rrir+i 0 ... 0 rrit G hence we need only prove (1) holds when evaluating both 

sides at such elements. Since evxiib~vx)* 0 {b'~vx)) = 5b,b', note that (1) is trivially true when 
b 7 ^ b', so let’s assume b — b' G Then 

ev(M, r, X)X{x) = 0 ev^ X{{b~vx)* 0 {b~vx)) 0 X{myr) 

where we set 

0(mi,... ,TOt) = ^(c..<)(ll"i^i|U|w(,||) 

s<r<s' 


* -i)(ll"i^ll) (-^^>0) + i>) +«:(c,.i)(||tos||, (A,0) - 0)) 

s<r 

+ 0) -b i>,\\ms\\) + - v, IlmsID) 

s>r 

Now ^ can be simplified. Note that 

«^(c..-i)(l|ws||, (-A,0) + ix) = _i)(||tos||, (-A,0)) -b2cs(/)(z/, |ms|) +2p{v)p{ms) 

«:(c,,i)(||tos||, (A,0) -ly) = K(c,,i)(||tos||, (A,0)) - 2cs(j){i', |tos|) + 2p{ty)p{ms) 

henceK(c^ _i)(||ms||, (-A,0)-bz^)-bK(c^_i)(||m^||, (A,0)-i/) = -i)(||tos||, (-A, 0))-bK(c^,i)(||TOs||, (A,0)). 

Moreover, note that ||ms|| = (^s, 0) -b for some Vg G Z[/], and so 

«^(c,.-i)(||™s||, (-A,0)) = _i)((/Xs,0), (-A,0)) - {i>s,X) - 2(j)(yg,X), 

K(c3.i)(||ws||, (A,0)) = K(c,,i)((/rs,0), (A,0)) -b (j>s, A) -b 2(j)(yg,X), 

hence 


-i)(l|ws||, (-A,0)) -bK(c,.i)(||TOs||, (A,0)) = /C(c,-i)((Ais,0), (-A,0)) -bK(c,.i)((Ms,0), (A,0)) 
Similar applies to the sum over s > r in hence 

* = X! (^(c.-1 )((Ms, 0), (-A, 0)) -b /v(c3,i)((/is, 0), (A, 0))) 

s<r 

+ ^ («^(-i.c„)((—A, 0), {ps,0)) + K(i_c„)((A, 0), (/is,0))) 

s>r 

Note that ^ is independent of x. Then 

ev(M, r, A)X(a:) = 0 ev^ X{{b~vx)* 0 {b~vx)) 0 X{myr) 

^ ^0(mi,...."j.t)+*+«(-i,i)((-A.o).(A.o)) ^ X(^rn>r) 
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Since X{m<r ® TO>r) = ^(evA(a::)) and the exponent of t is independent of x, this completes the 
proof of (2). □ 

We now arrive at the final result of this paper. 

Theorem 4.24. Let K be any oriented knot, and let J^{q,T) G Q(g,t)’' be the X-colored knot 
invariant defined in Theorem \3.8[ Let 5 oJ^{q) = 1) and 05 pJ^{q) = J^{q,t). Then 

o.pJkiQ) = 

for some *(K, A) £ Z. 

Proof. Let J = J^{q,T). First, observe that J can be thought of as a function Q(g,t)’^ —)> 
Q{q,ty, and in that spirit X{J) is X o J(l). On the other hand, J = Wk o S, where Wk = 
(f(A, (interpreted as a function Q{q,ty —>• Q(g,t)’’) and 5 is a slice diagram 

of K interpreted as a composition of morphisms as described in Section [3] (with strands colored by 
A). In particular, observe that by (14.1211 we have X(f(A, A)) = F^f(A, A) for some x £ Z depending on 
the coset representative of A in X/Z[L], and that = 7 r^O)g<p.Then in particular 

we see that XW = 

Likewise, note that S can be written as a composition of maps of the form ev(M, r, A), coev(M, r. A), 
qtr(M, r, A), coqtr(M, r, A), and Rg : M ^ M for various r, s £ N with all notations being the same 
as in Proposition 14.221 In particular, we see that Xo S = t^S o X for some y £ Z, and thus 

X( J) = X o c o S'(l) = o S' o X(l) = 

On the other hand, observe that X(J^(g,T)) = t“^r), and so 

t™’^('^)4(t-ig,t-ir) = 4(Q,r). 

The theorem follows from specializing r = t. □ 

Remark 4.25. Note that since soJxi^) ^ ^[<7:9”^]! Theorem 14.241 implies that (after a renormal¬ 
ization) ospJKi'i) ~ ^ ^[v,v~^] where v = qt~^. Furthermore, note that when n or (n, A) 

is even, ospJftiy ^ Q(<z) (cf- Remark [3771 11'll, thus in this case o^pJ^i.^) = soJxi^) modulo 2. 
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